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| Introduction

In many applications, each observation is binary: It has one of two 
possible outcomes. For instance, a person may

▪ Accept, or decline, an offer from a bank for a credit card,

▪ Have, or not have, health insurance,

▪ Vote yes or no in a referendum, such as whether to provide 
additional funds to the school district



| Introduction

Consider the following random experiments and random variables:

▪ Flip a coin 10 times. Let X = number of heads obtained

▪ A worn machine tool produces 1 % defective parts. Let X = number of 
defective parts in the next 25 parts produced

▪ Each sample of air has a 10% chance of containing a particular rare 
molecule. Let X = the number of air samples that contain the rare 
molecule in the next 18 samples analyzed

▪ Of all bits transmitted through a digital transmission channel, 10% 
are received in error. Let X = the number of bits in error in the next 
five bits transmitted 



| Introduction

Consider the following random experiments and random variables:

▪ A multiple choice test contains 10 questions. Each with four choices, 
and you guess at each question. Let X = the number of questions 
answered correctly

▪ In the next 20 births at a hospital, let X = the number of female births

▪ Of all patients suffering a particular illness, 35% experience 
improvement from a particular medication. In the next 100 patients 
administered the medication. Let X = the number of patients who 
experience improvement



| Introduction

▪ Sampling a single component from a lot and determining whether it 
is defective is an example of a Bernoulli trial. In practice, we might 
sample several components from a very large lot and count the 
number of defectives among them. 

▪ This amounts to conducting several independent Bernoulli trials and 
counting the number of successes. 

▪ The number of successes is then a random variable, which is said to 
have a binomial distribution



| Conditions for Binomial Distribution

▪ Each of 𝒏 trials has two possible outcomes. The outcome of interest is 
called a success and the other outcome is called a failure.

▪ Each trial has the same probability of a success. This is denoted by 𝑝, so 
the probability of a success is 𝒑 and the probability of a failure is 1 − 𝑝.

▪ The 𝒏 trials are independent. That is, the result for one trial does not 
depend on the results of other trials.

The binomial random variable X is the number of successes in the 𝒏 trials

𝑋 has the binomial distribution with parameters 𝑛 and 𝑝, denoted 𝑿 ∼
𝑩𝒊𝒏(𝒏, 𝒑).



| Flipping a coin 𝒏 times

▪ Each trial is a flip of the coin. There are two possible outcomes for 
each flip, head or tail. Let’s identify (arbitrarily) head as a success.

▪ If head or tail are equally likely, the probability of head (a success) 
equals 𝑝 = 0.50. This success probability is the same for each flip.

▪ The flips are independent, since the result for any specific flip does 
not depend on the outcomes of previous flips.



| Example - 01

▪ A biased coin has probability 0.6 of coming up heads. The coin is 
tossed three times. Let 𝑋 be the number of heads. Then 𝑿 ∼
𝑩𝒊𝒏(𝟑, 𝟎. 𝟔). We will compute 𝑃(𝑋 = 2)

▪ There are three arrangements of two heads in three tosses 
of a coin, HHT, HTH, and THH. 

▪ We first compute the probability of HHT. The event HHT is a 
sequence of independent events: H on the first toss, H on 
the second toss, T on the third t



| Example - 01

▪ Since the events are independent, the probability that they all occur 
is equal to the product of their probabilities. 

▪ 𝑃 𝐻𝐻𝑇 = 0.6 0.6 0.4 = 0.6 2 0.4 1

▪ 𝑃(𝑋 = 2) = 𝑃(𝐻𝐻𝑇 𝑜𝑟 𝐻𝑇𝐻 𝑜𝑟 𝑇𝐻𝐻)

▪ 𝑃 𝑋 = 2 = 𝑃 𝐻𝐻𝑇 + 𝑃 𝐻𝑇𝐻 + 𝑃 𝑇𝐻𝐻 =
𝟑 𝟎. 𝟔 𝟐 𝟎. 𝟒 𝟏



| Binomial Distribution PMF

▪ If 𝑿~Bin(𝒏, 𝒑), the probability mass function of 𝑿 is

𝒑 𝒙 =
𝒏
𝒙

𝒑𝒙 𝟏 − 𝒑 𝒏−𝒙

▪ 𝒏: # independent Bernoulli Trials

▪ 𝒑: Success probability

▪
𝒏
𝒙

=
𝒏!

𝒙!(𝒏−𝒙)!
binomial coefficient = nCx



| Binomial Distribution PMF

•Rules for factorials:
•  

•  

•  

•For example, 
•  

! 1 2 3 ...n n=    

1! 1=

0! 1=

4! 1 2 3 4 24=    =



| Example - 02

▪ A lot contains several thousand components, 10% of which are 
defective. Seven components are sampled from the lot. Let X 
represent the number of defective components in the sample. What 
is the distribution of X?

▪ Since the sample size is small compared to the population (i.e., less 
than 5%), the number of successes in the sample approximately 
follows a binomial distribution. Therefore we model X with the Bin(7, 
0.1) distribution.



| Example - 02

▪ Find the probability mass function of the random variable X if X ∼ 
Bin(10, 0.4). Find P(X = 5).

▪ 𝒑 𝒙 =
𝟏𝟎
𝒙

𝟎. 𝟒𝒙 𝟎. 𝟔 𝟏𝟎−𝒙

▪ 𝒑 𝟓 =
𝟏𝟎
𝟓

𝟎. 𝟒𝟓 𝟎. 𝟔 𝟓 = 𝟎. 𝟐𝟎𝟎𝟕



| Example - 03

▪ A fair die is rolled eight times. Find the probability that no more than 
2 sixes come up

▪ Each roll of the die is a Bernoulli trial with success probability 1/6

▪ Let X denote the number of sixes in 8 rolls Then X ∼ Bin(8, 1/6).

▪ We need to find P(X ≤ 2). Using the probability mass function

▪ 𝑃(𝑋 ≤  2)  =  𝑃(𝑋 =  0 𝑜𝑟 𝑋 =  1 𝑜𝑟 𝑋 =  2)

▪ 𝑃(𝑋 = 0) + 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) = 0.8652















| Example - 04

▪ A large industrial firm allows a discount on any invoice that is paid 
within 30 days. Of all invoices, 10% receive the discount. In a 
company audit, 12 invoices are sampled at random. What is the 
probability that fewer than 4 of the 12 sampled invoices receive the 
discount?

▪ Let X represent the number of invoices in the sample that receive 
discounts. Then X ∼ Bin(12, 0.1). The probability that fewer than four 
invoices receive discounts is P(X ≤ 3). We consult Table A.1 with n = 
12, p = 0.1, and x = 3. We find that P(X ≤ 3) = 0.974



| Example: Testing for Gender Bias in Promotions

▪ A group of women employees has claimed that female employees are less 
likely than male employees of similar qualifications to be promoted.

▪ Of 1000 employees, 50% are female.
▪ None of the 10 employees chosen for management training were female.
▪ The probability that no females are chosen is:

▪ It is very unlikely (one chance in a thousand) that none of the 10 selected 
for management training would be female if the employees were chosen 
randomly.

0 1010!
P(0)  (0.50) (0.50) 0.001

0!10!
= =



| Check to See If Binomial Conditions Apply

Before using the binomial distribution, check that its three conditions 
apply:

▪ Binary data (success or failure)

▪ The same probability of success for each trial (denoted by p)

▪ Independent trials



| Example: Testing for Gender Bias in Promotions

Do the Binomial Conditions Apply?

▪    The data are binary (male, female).

▪    If employees are selected randomly, the probability of selecting a 
female on any given trial is 0.50.

▪    With random sampling of 10 employees from a large 

▪      population, the outcome for one trial doesn’t depend on 

▪      the outcome of another trial.
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