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B Laplace transforms

" F(s)= Lf(t) =, e™f(t)dt

= This technique transforms the problem from the time (t)
domain to the Laplace (s) domain. The advantage in doing
this is that complex time domain differential equations
become relatively simple s domain algebraic equations.
When a suitable solution is arrived at, it is inverse
transformed back to the time domain.

= where s is a complex variable ¢ + jw and £ is called the

Laplace operator

Example

1 t=>0

0 otherwise
Oo —st|0

F(s) = j e St 1dt =

0

Unit-step input f(t) = {

=1/s

—S
o0

Example

a t=>0

0 otherwise
°° —st|0

F(s) = j eStadt=a

0

Unit-step input f(t) = {

=a/s

—S
0%}
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= Test functions

Impulse 6(t)

,I-m wl 3¢
f St

Unit-step u(t)

Nt

Ramp f(t) = At
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Common Laplace transform pairs

Time function f(t) Laplace transform [ f(1)] = F(s)

unit impulse &(r) 1
unit step 1 /s
unit ramp f 1/5%
n!
5H+1
1
(s+a)
a
s(s + a)

. w
sin wi
52 4 w?
Ky
COs wi

52 4 w?

e sin wr

w!
}1

(s+a

a . s
e~ (coswr — —sinwr) By
w (s + a)

Important properties of Laplace transform

= Constant multiplication
Llaf(©] =aF(s)
= Real-shift theorem
Lf(t—T)=eSTF(s) T=0

= Convolution Integral

j L@ —1) dt= Fy(s)Fy(s)
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= |nitial value theorem

f(0) = ltirr(}f(t) = S!irgos F(s)
= Final value theorem

f (o) = tlirg f() = lsirr(} SF(s)

= Real differentiation theorem

dn : iy
Lo f(© = s"F(s) = s"7f(0) = s"2f(0) = s"f(0) .. f(O)"
= Integration

t
Lff(r)drz%s)
0

= Multiplication by t™

LIE"f O] = -1 %F(s) forn=1273,..

Common partial fraction expansion

Factored roots
k A B

=—+
ss+1) s s+1

Repeated roots
kA N B N C
s2(s+1) s s2 s+1

Second-order real roots b? > 4ac

K _ K __A+ B + C
s(as?+bs+c) s(s+d)(s+e) s s+d s+e

Second-order real roots b? < 4ac

K _A+ Bs+C
s(as?2+bs+c) s as:i+bs+c
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Completing the squares, gives
A N Bs +C
s (s+a)?+ w?

fn
Unit impulse &(r)

Unit step 1(r)

sin af

cos el

sinh

cosh

- 15 + a)

1
(s + a)(s + b)

5
(s + aj(s + b)

1
s(s + a)(s + b)
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:—zu — e~ ae™™)

1
s(s + a)y

ﬁ(m =1+

1

s + a)

e sin e

—
(s +a) + o

& cos i

s+ a
(5 + a)y + a?

v’fj-—r;‘ru'r““ﬂn V1 -2t

52+ 2w 5 + .m:

- ??I_—.;z'_;""*‘"iw- V- - g)

ML=
¢

@ = tan”~

3
524 W5 + af

L v‘II_—;:ﬁ_"‘m‘“"n Vi— g+ 9)
V1 -
gt L8
¢ = tan :

@y
s + Lws + wl)

1 = cos wl

ot

55 + wb)

ot — SN af

'

(57 + o)

Sif i — @i cos wf

2er’

(2 + &)

|
— rsin it
2w

5
(52 + w?)

'I'z'{.hlz’

(s* + oy

1

2

Py (cos ant — cosanyt)  (w] # )
i

5
(s* + w))(s® + wd)

1.
o (sin ot + el cos wt)

2
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Find Laplace transform of

f(t) = e *sinwt

)
o

)
(s +a)? + w?

sin wt =

F(s) =

Given that:

s+ 2D)(s+4)
Vi) = s(s+1)(s+3)
Find y(t)

By partial fraction

Find the inverse Laplace of

s+3
(s+1)(s+2)

s+ 3 _ 2 -1
G+DG+2) G+D G+
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p1 = 2ot _ o2t

Find the inverse Laplace of

F _ 2s+ 12
(s) s2+4+2s+5
2(s+ 1)+ 10
F(s) = (s+1)
(s+1)%2+4
s+1 2
F(s)= 2 ( )

G+ +2 P GrDzea

f(t) =2e7tcos2t + 5e tsin 2t

Find the solution to the differential equation

y(®) +y(t) =0 where y(0) = a, y(0) = B

s2Y(s) —sy(0) —y(0)+Y(s) =0
Y(S)[s?+1]=as+p

as + f

s
Y(s) =
(s) s2+1

y(t) = acost + [sint
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Find the solution to the differential equation
y(t) + 5y(t) + 4y(t) = u(t) where y(0) =0,7(0) =0
u(t) = 2e72t

2
52 (5) = 5y(0) = J(0) + 5[sY (s) = y(0)] +4¥(s) = —

Y(s)[s? +5s5s+4] =

s+ 2
2 2
Y(S): =
(s+2)(s2+55+4) (s+2)(s+1)(s+4)
2/3 1 1/3
Y(s) = -
() s+1 S+2+S+4
2 1
y(t) — §e—t _ e—2t _I_§e—4-l,L
Find inverse Laplace of
s+ 2
Y(5) = ——F——=
() s3(s—1)?
s+2 2 A B 3 C

— = — = +—+ +
s3(s—1)2 s3 s?2 s (s—1)? s-—1
s+2 2 5 8 3 8

Se-12 £ etttz 51
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y(t) = t? + 5t + 8 + 3tet — 8¢t

Find inverse Laplace of

352 +9s + 16

V(o) = (s+1)(s?+4s+13)

Y(s) = 1 N As + B
Y s ¥1 2 ras+ 13
V()= L4 253
5= s+1 s2+4s+13

1 2(s+2)—-1
Y(s) =
() s+1+(s+2)2+9

s+ 2 -1

Y(s) = ( )

2
S+1+ (s+2)2+9+(s+2)2+9

1
y(t) = et +2e?' cos 3t — §e‘2t sin 3t

Given that:
y(t) — 6§(t) + 11y(t) — 6y(t) = 1
y(0) =y(0) = (0) =0

Ans.

1 1 1 1
_ Lt et 2t T 3t
y(t) = 6+Ze 2e +6e
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Given that:
y®) +2y(@) +y(t) =t
y(0) =-3 y(1) =-1

Ans.
Assume y(0) = A
y®)=(t—-1De t+t—2

Given that:
%(t) + 4x(t) = 10sin 3t
x(0)=x(0)=0

s2X(s) — sx(0) — x(0) + 4X(s) = 219

X()(s?2+4) =

s2+4+9
e - 30
&)= T DI+
6 6
X(s) =

(s24+4) (s2+9)

x(t) = 3sin2t — 2sin 3t
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Given that:
yo+y@)=1

y(0) =y(0) = y(0) =0
Find y(t)

® Final value theorem

Suppose we have a transform Y (s) of a signal y(t) and wish

to know the final value y(t) from Y(s): there are three

possibilities

1. Y(s) has any poles in the RHS (Right hand side) — that
is, if real part of any P; > 0 then, y(t) will grow and the
limit will be unbounded

2. Y(s) has a pair of poles on the imaginary axis of the s-
plane (i.e. P; = +jw) then, y(t) will have a sinusoid that
persist forever and the final value will not be defined

3. All poles of Y(s) are in LHS (Left Hand Side), except for
one at s = 0, then all terms of y(t) will decay to zero
except the term corresponding to the pole at s = 0, and

that term corresponds to a constant in time
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Find the final value of the system corresponds to

3(s+2)
s(s?+2s+10)

Y(s) =

lim y(t) = limsY(s)

t—oo s—0

tlim y(t) =6/10

Thus, after the transients have decayed to zero, y(t) will
settle to a constant value of 0.6

Note:

Care must be taken to use final value theorem in an

unstable system

Find the final value of the system corresponds to

If we blindly apply the equation of final value theorem, we obtain

y() = —3

However:

y(t) = —>+2e? — unbounded
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B MATLAB session
Residue

= Partial fraction expansion
= [r,p,k] = residue(b,a) finds the residues, poles, and
direct term of a Partial Fraction Expansion of the ratio of two

polynomials, where the expansion is of the form

bis) bys™+b,_s" T+ L+ b5ty r, rs n

als 5" + @Qp_y§T  F .t @S +tag 5Py Sopr 50D

= The inputs to residue are vectors of coefficients of the

polynomialsb = [bm ... bl b0o]l]anda = [an ... al
a0]. The outputs are the residues r = [rn ... r2 ri1],the
polesp = [pn ... p2 pl], and the polynomial x. For most

textbook problems, x is 0 or a constant.
" [b,a] = residue/(r,p,k) converts the partial fraction
expansion back to the ratio of two polynomials and returns

the coefficients in b and a.

Find the partial fraction expansion of the following ratio of
polynomials F (s) using residue

b(s) ~ —4s+8

a(s) s?2+6s+8
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b = [-4 8]
a = [1 6 8]
[r,p, k] = residue (b, a)
r =

-12

8
p =

-4

-2
k =

[]

This represents the partial fraction expansion

~4s+8 _ —12 8
s24+6s+8 s+4 s+2

Convert the partial fraction expansion back to polynomial

coefficients using residue.
[b,a] = residue(r,p, k)

b =
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This result represents the original fraction F(s).

Find partial fraction expansion of
s+ 2
s3(s —1)2

Hint: use conv = Convolution and polynomial multiplication

Y(s) =

b =11 2];
al = [1 0 0 0];
a2 = [1 -171;
a3 = [1 -171;
a = conv(al,a2);
a = conv(a,a3);
[r,p, k] = residue (b, a)
r:
-8
3
8
5
2
p:
1
1
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[l

s+2 _ -8 3 8 5 2
s3(s—1)2 s—1 (s—1)2 s s2 &3

Find the partial fraction expansion of
s2+3

V) = i Do 6 4)

Hint: use conv = Convolution and polynomial multiplication

b= 1[10 3];

al = [1 1];

a2 = [1 -27;

a3 = [1 -4];

a = conv(al,az);

a = conv(a,a3l);
[r,p, k] = residue (b, a)
r=

1.9000

-1.1667
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0.2667
p=

4.0000

2.0000

-1.0000

[l

s?+3 19 1.1667+0.226
s+D(—-2)(s—4) s—4 s—-2 s+1

Given that:

y() —65(t) + 11y(t) —6y(t) =1
y(0) =y(0) = y(0)=0

Find y(t) by MATLAB and SIMULNIK

Ans.
1 1 1 1
t)= ——+—-ef —-e?t +—¢3
Y= —gtze —3¢7 *g
t =0:0.1:10;
y = =1/6+0.5%exp (t)-0.5%exp (2*t)+(1/6) *exp (3*t) ;
plot (t,y)
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:
4
1 . o 1 o 1 1

h

Constant g 5 7| s 7| s
Integrator Integrator Integrator? Scope

6
Gain
Qli
Gaini
\6|<
Gain2
11

18510

16 -

14

12
_1of
€
>

sk

6

al

2L

0

0 1 2 3 4 5 6 7 8 9 10

Solve the equation
y(t) + 4y(t) + 13y(t) = 5cos 3t
Given that y(0) = 5, y(0) = 2
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oooo
oo

+ o 1

[y

1

—»

v

To Workspace

(I

» L
= B8

Signal .

Generator Integrator

@._

Gain1

-

Integrator?

[y
P

Scope

y(t)

Problems:

1. Solve the equation: y(t) + 4y(t) + 13y(t) = 5cos 3t

Given that y(0) = ; , y(0) = 2

This is an example of forced oscillations with damping—

Sketch the Plot of y(t)

2. Solve the equation: %(t) + 2x(t) + x(t) = 3te™t

Giventhat x(0) =4 , x(0) =2
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