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 Laplace transforms 

 

▪ 𝐹(𝑠) =  ℒ 𝑓(𝑡) = ∫ 𝑒−𝑠𝑡𝑓(𝑡) 𝑑𝑡
∞

0
  

▪ This technique transforms the problem from the time (𝑡) 

domain to the Laplace (𝑠) domain. The advantage in doing 

this is that complex time domain differential equations 

become relatively simple 𝑠  domain algebraic equations. 

When a suitable solution is arrived at, it is inverse 

transformed back to the time domain.  

▪ where 𝑠 is a complex variable 𝜎 ± 𝑗𝜔 and ℓ is called the 

Laplace operator 

Example 

Unit-step input 𝑓(𝑡) =  {
1 𝑡 ≥ 0
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝐹(𝑠) =  ∫ 𝑒−𝑠𝑡 1 𝑑𝑡

∞

0

=
𝑒−𝑠𝑡

−𝑠
|

∞

0

= 1/𝑠 

 

 

Example 

Unit-step input 𝑓(𝑡) =  {
𝑎 𝑡 ≥ 0
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

𝐹(𝑠) =  ∫ 𝑒−𝑠𝑡 𝑎 𝑑𝑡

∞

0

= 𝑎 
𝑒−𝑠𝑡

−𝑠
|

∞

0

= 𝑎/𝑠 
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▪ Test functions 

 

Impulse 𝛿(𝑡) 

 

Unit-step 𝑢(𝑡) 

 

Ramp 𝑓(𝑡) = 𝐴𝑡 
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Important properties of Laplace transform  

▪ Constant multiplication 

ℒ [𝑎𝑓(𝑡)] = 𝑎 𝐹(𝑠) 

▪ Real-shift theorem 

ℒ 𝑓(𝑡 − 𝑇) = 𝑒−𝑠𝑇𝐹(𝑠) 𝑇 ≥ 0 

▪ Convolution Integral  

∫ 𝑓1(𝜏)𝑓2(𝑡 − 𝜏) 𝑑𝜏

𝑡

0

=  𝐹1(𝑠)𝐹2(𝑠) 



CH. 03 – Laplace Transform Automatic control systems  

 

Page 48 

▪ Initial value theorem  

𝑓(0) = lim
t→0

𝑓(𝑡) = lim
s→∞

𝑠 𝐹(𝑠)   

▪ Final value theorem  

 𝑓(∞) =  lim
𝑡→∞

𝑓(𝑡) = lim
s→0

𝑠𝐹(𝑠)  

▪ Real differentiation theorem 

ℒ 
𝑑𝑛

𝑑𝑡𝑛
𝑓(𝑡) =  𝑠𝑛𝐹(𝑠) − 𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓(0)̇ − 𝑠𝑛−3𝑓(0)̈ … 𝑓(0)𝑛−1 

▪  Integration  

ℒ ∫ 𝑓(𝜏) 𝑑𝜏

𝑡

0

=
𝐹(𝑠)

𝑠
 

▪ Multiplication by 𝑡𝑛 

ℒ[𝑡𝑛𝑓(𝑡)] =  −1𝑛  
𝑑𝑛

𝑑𝑠𝑛
𝐹(𝑠) 𝑓𝑜𝑟 𝑛 = 1,2,3, … 

 Common partial fraction expansion 

▪ Factored roots 

𝑘

𝑠(𝑠 + 1)
=

𝐴

𝑠
+

𝐵

𝑠 + 1
 

▪ Repeated roots 

𝑘

𝑠2(𝑠 + 1)
=

𝐴

𝑠
+

𝐵

𝑠2
+

𝐶

𝑠 + 1
 

▪ Second-order real roots 𝑏2 > 4𝑎𝑐 

𝐾

𝑠(𝑎𝑠2 + 𝑏𝑠 + 𝑐)
=

𝐾

𝑠(𝑠 + 𝑑)(𝑠 + 𝑒)
=

𝐴

𝑠
+

𝐵

𝑠 + 𝑑
+

𝐶

𝑠 + 𝑒
 

▪  Second-order real roots 𝑏2 < 4𝑎𝑐 

𝐾

𝑠(𝑎𝑠2 + 𝑏𝑠 + 𝑐)
=

𝐴

𝑠
+

𝐵𝑠 + 𝐶

𝑎𝑠2 + 𝑏𝑠 + 𝑐
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Completing the squares, gives 

𝐴

𝑠
+

𝐵𝑠 + 𝐶

(𝑠 + 𝛼)2 + 𝜔2
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Find Laplace transform of  

𝑓(𝑡) =  𝑒−𝑎𝑡 sin 𝜔𝑡 

∵ sin 𝜔𝑡 =
𝜔

𝑠2 + 𝜔2
 

∴ 𝐹(𝑠) =
𝜔

(𝑠 + 𝑎)2 + 𝜔2 

 

Given that: 

𝑌(𝑠) =  
(𝑠 + 2)(𝑠 + 4)

𝑠(𝑠 + 1)(𝑠 + 3)
 

Find 𝑦(𝑡) 

 

By partial fraction 

𝑌(𝑠) =
8/3 

𝑠
−

3/2

𝑠 + 1
−

1/6

𝑠 + 3
   

𝑦(𝑡) =
8

3
−

3

2
𝑒−𝑡 −

1

6
𝑒−3𝑡 

Find the inverse Laplace of  

𝑠 + 3

(𝑠 + 1)(𝑠 + 2)
 

 

𝑠 + 3

(𝑠 + 1)(𝑠 + 2)
=  

2

(𝑠 + 1)
+

−1

(𝑠 + 2)
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ℓ−1 = 2𝑒−𝑡 − 𝑒−2𝑡 

Find the inverse Laplace of  

𝐹(𝑠) =  
2𝑠 + 12

𝑠2 + 2𝑠 + 5
 

 

𝐹(𝑠) =  
2(𝑠 + 1) + 10

(𝑠 + 1)2 + 4
 

𝐹(𝑠) =  2
(𝑠 + 1)

(𝑠 + 1)2 + 4
+ 5

2

(𝑠 + 1)2 + 4
 

𝑓(𝑡) = 2𝑒−𝑡 cos 2𝑡 + 5𝑒−𝑡 sin 2𝑡 

 

Find the solution to the differential equation 

𝑦(𝑡)̈ + 𝑦(𝑡) = 0   where 𝑦(0) = 𝛼 , 𝑦̇(0) = 𝛽 

 

𝑠2𝑌(𝑠) − 𝑠𝑦(0) − 𝑦̇(0) + 𝑌(𝑠) = 0 

𝑌(𝑠)[𝑠2 + 1] = 𝛼𝑠 + 𝛽 

𝑌(𝑠) =
𝛼𝑠 + 𝛽

𝑠2 + 1
 

𝑦(𝑡) = 𝛼 cos 𝑡 + 𝛽 sin 𝑡 
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𝑠2𝑌(𝑠) − 𝑠𝑦(0) − 𝑦̇(0) + 5[𝑠𝑌(𝑠) − 𝑦(0)] + 4𝑌(𝑠) =
2

𝑠 + 2
 

𝑌(𝑠)[𝑠2 + 5𝑠 + 4] =
2

𝑠 + 2
 

𝑌(𝑠) =
2

(𝑠 + 2)(𝑠2 + 5𝑠 + 4)
=

2

(𝑠 + 2)(𝑠 + 1)(𝑠 + 4)
 

𝑌(𝑠) =  
2/3

𝑠 + 1
−

1

𝑠 + 2
+

1/3

𝑠 + 4
 

𝑦(𝑡) =
2

3
𝑒−𝑡 − 𝑒−2𝑡 +

1

3
𝑒−4𝑡 

Find inverse Laplace of  

𝑌(𝑠) =
𝑠 + 2

𝑠3(𝑠 − 1)2
 

 

𝑠 + 2

𝑠3(𝑠 − 1)2
=  

2

𝑠3
+

𝐴

𝑠2
+

𝐵

𝑠
+

3

(𝑠 − 1)2
+

𝐶

𝑠 − 1
 

∴
𝑠 + 2

𝑠3(𝑠 − 1)2
=

2

𝑠3
+

5

𝑠2
+

8

𝑠
+

3

(𝑠 − 1)2
−

8

𝑠 − 1
 

Find the solution to the differential equation 

𝑦(𝑡)̈ + 5𝑦̇(𝑡) + 4𝑦(𝑡) = 𝑢(𝑡)   where 𝑦(0) = 0 , 𝑦̇(0) = 0 

𝑢(𝑡) = 2𝑒−2𝑡 
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∴ 𝑦(𝑡) = 𝑡2 + 5𝑡 + 8 + 3𝑡𝑒𝑡 − 8𝑒𝑡 

 

𝑌(𝑠) =  
1

𝑠 + 1
+

𝐴𝑠 + 𝐵

𝑠2 + 4𝑠 + 13
 

𝑌(𝑠) =  
1

𝑠 + 1
+

2𝑠 + 3

𝑠2 + 4𝑠 + 13
 

𝑌(𝑠) =  
1

𝑠 + 1
+

2(𝑠 + 2) − 1

(𝑠 + 2)2 + 9
 

𝑌(𝑠) =  
1

𝑠 + 1
+ 2

(𝑠 + 2)

(𝑠 + 2)2 + 9
+

−1

(𝑠 + 2)2 + 9
 

𝑦(𝑡) =  𝑒−𝑡 + 2𝑒−2𝑡 cos 3𝑡 −
1

3
𝑒−2𝑡 sin 3𝑡 

 

Find inverse Laplace of  

𝑌(𝑠) =
3𝑠2 + 9𝑠 + 16

(𝑠 + 1)(𝑠2 + 4𝑠 + 13)
 

Given that: 

𝑦(𝑡) − 6𝑦̈(𝑡) + 11𝑦̇(𝑡) − 6𝑦(𝑡) = 1 

𝑦(0) = 𝑦̇(0) =  𝑦̈(0) = 0 

Ans. 

𝑦(𝑡) =  −
1

6
+

1

2
𝑒𝑡 −

1

2
𝑒2𝑡 +

1

6
𝑒3𝑡 
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𝑠2𝑋(𝑠) − 𝑠𝑥(0) − 𝑥̇(0) + 4𝑋(𝑠) =
30

𝑠2 + 9
 

𝑋(𝑠)(𝑠2 + 4) =
30

𝑠2 + 9
 

𝑋(𝑠) =
30

(𝑠2 + 4)(𝑠2 + 9)
 

𝑋(𝑠) =
6

(𝑠2 + 4)
−

6

(𝑠2 + 9)
 

𝑥(𝑡) = 3 sin 2𝑡 − 2 sin 3𝑡 

 

Given that: 

𝑦̈(𝑡) + 2𝑦̇(𝑡) + 𝑦(𝑡) = 𝑡 

𝑦(0) = −3         𝑦(1) = −1 

Ans. 

Assume 𝑦̇(0) = 𝐴 

𝑦(𝑡) = (𝑡 − 1)𝑒−𝑡 + 𝑡 − 2 

Given that: 

𝑥̈(𝑡) + 4𝑥(𝑡) = 10 sin 3𝑡 

𝑥(0) = 𝑥̇(0) = 0 
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 Final value theorem 

Suppose we have a transform 𝑌(𝑠) of a signal 𝑦(𝑡) and wish 

to know the final value 𝑦(𝑡)  from 𝑌(𝑠) : there are three 

possibilities  

1. 𝑌(𝑠) has any poles in the RHS (Right hand side) — that 

is, if real part of any 𝑃𝑖 > 0 then, 𝑦(𝑡) will grow and the 

limit will be unbounded 

2. 𝑌(𝑠) has a pair of poles on the imaginary axis of the s-

plane (i.e. 𝑃𝑖 = ±𝑗𝜔) then, 𝑦(𝑡) will have a sinusoid that 

persist forever and the final value will not be defined 

3. All poles of 𝑌(𝑠) are in LHS (Left Hand Side), except for 

one at 𝑠 = 0, then all terms of 𝑦(𝑡) will decay to zero 

except the term corresponding to the pole at 𝑠 = 0, and 

that term corresponds to a constant in time 

 

 

 

Given that: 

𝑦(𝑡) + 𝑦(𝑡) = 1 

𝑦(0) = 𝑦̇(0) =  𝑦̈(0) = 0 

Find 𝑦(𝑡) 
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Find the final value of the system corresponds to  

𝑌(𝑠) =  
3(𝑠 + 2)

𝑠(𝑠2 + 2𝑠 + 10)
 

  

lim
𝑡→∞

𝑦(𝑡) = lim
𝑠→0

𝑠𝑌(𝑠) 

lim
𝑡→∞

𝑦(𝑡) = 6/10 

Thus, after the transients have decayed to zero, 𝑦(𝑡)  will 

settle to a constant value of 0.6 

Note: 

 Care must be taken to use final value theorem in an 

unstable system 

Find the final value of the system corresponds to  

𝑌(𝑠) =  
3

𝑠(𝑠 − 2)
 

 

If we blindly apply the equation of final value theorem, we obtain 

𝑦(∞) =  −
3

2
 

However: 

𝑦(𝑡) =  −
3

2
+

3

2
𝑒2𝑡   — unbounded 
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 MATLAB session 

Residue 

▪ Partial fraction expansion 

▪ [r,p,k] = residue(b,a) finds the residues, poles, and 

direct term of a Partial Fraction Expansion of the ratio of two 

polynomials, where the expansion is of the form 

  

▪ The inputs to residue are vectors of coefficients of the 

polynomials b = [bm ... b1 b0] and a = [an ... a1 

a0]. The outputs are the residues r = [rn ... r2 r1], the 

poles p = [pn ... p2 p1], and the polynomial k. For most 

textbook problems, k is 0 or a constant. 

▪  [b,a] = residue(r,p,k) converts the partial fraction 

expansion back to the ratio of two polynomials and returns 

the coefficients in b and a. 

Find the partial fraction expansion of the following ratio of 

polynomials 𝐹(𝑠) using residue 

𝐹(𝑠) =  
𝑏(𝑠)

𝑎(𝑠)
=

−4𝑠 + 8

𝑠2 + 6𝑠 + 8
 

 

 

file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_r
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_p
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_k
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23inputarg_b
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23inputarg_a
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23bupndeb-2
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23inputarg_b
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23inputarg_a
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_r
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_p
file:///C:/Program%20Files/MATLAB/R2017a/help/matlab/ref/residue.html%23outputarg_k
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b = [-4 8] 

a = [1 6 8] 

[r,p,k] = residue(b,a) 

r = 

 

   -12 

    8 

 

 

p = 

 

    -4 

    -2 

 

 

k = 

 

     [] 

 

This represents the partial fraction expansion 

−4𝑠 + 8

𝑠2 + 6𝑠 + 8
=  

−12

𝑠 + 4
+

8

𝑠 + 2
 

Convert the partial fraction expansion back to polynomial 

coefficients using residue. 

[b,a] = residue(r,p,k) 

b = 

    -4     8 

a = 
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     1     6     8 

This result represents the original fraction 𝐹(𝑠). 

Find partial fraction expansion of  

𝑌(𝑠) =
𝑠 + 2

𝑠3(𝑠 − 1)2
 

Hint: use conv  Convolution and polynomial multiplication 

 

b = [1 2]; 

a1 = [1 0 0 0]; 

a2 = [1 -1]; 

a3 = [1 -1]; 

a = conv(a1,a2); 

a = conv(a,a3); 

[r,p,k] = residue(b,a) 

r = 

    -8 

     3 

     8 

     5 

     2 

p = 

     1 

     1 
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     0 

     0 

     0 

k = 

     [] 

𝑠 + 2

𝑠3(𝑠 − 1)2
=  

−8

𝑠 − 1
+

3

(𝑠 − 1)2
+

8

𝑠
+

5

𝑠2
+

2

𝑠3
 

 

b = [1 0 3]; 

a1 = [1 1]; 

a2 = [1 -2]; 

a3 = [1 -4]; 

a = conv(a1,a2); 

a = conv(a,a3); 

[r,p,k] = residue(b,a) 

r = 

    1.9000 

   -1.1667 

Find the partial fraction expansion of  

𝑌(𝑠) =
𝑠2 + 3

(𝑠 + 1)(𝑠 − 2)(𝑠 − 4)
 

Hint: use conv  Convolution and polynomial multiplication 
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    0.2667 

p = 

    4.0000 

    2.0000 

   -1.0000 

k = 

     [] 

𝑠2 + 3

(𝑠 + 1)(𝑠 − 2)(𝑠 − 4)
=

1.9

𝑠 − 4
−

1.1667

𝑠 − 2
+

0.226

𝑠 + 1
 

 

t = 0:0.1:10; 

y = -1/6+0.5*exp(t)-0.5*exp(2*t)+(1/6)*exp(3*t); 

plot(t,y) 

 

 

Given that: 

𝑦(𝑡) − 6𝑦̈(𝑡) + 11𝑦̇(𝑡) − 6𝑦(𝑡) = 1 

𝑦(0) = 𝑦̇(0) =  𝑦̈(0) = 0 

Find 𝑦(𝑡) by MATLAB and SIMULNIK 

Ans. 

𝑦(𝑡) =  −
1

6
+

1

2
𝑒𝑡 −

1

2
𝑒2𝑡 +

1

6
𝑒3𝑡 
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Solve the equation 

𝑦̈(𝑡) + 4𝑦̇(𝑡) + 13𝑦(𝑡) = 5 cos 3𝑡 

Given that 𝑦(0) =
1

4
 , 𝑦̇(0) = 2 
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Problems: 

1. Solve the equation: 𝑦̈(𝑡) + 4𝑦̇(𝑡) + 13𝑦(𝑡) = 5 cos 3𝑡 

Given that 𝑦(0) =
1

4
  , 𝑦̇(0) = 2 

This is an example of forced oscillations with damping— 

Sketch the Plot of 𝑦(𝑡) 

2. Solve the equation: 𝑥̈(𝑡) + 2𝑥̇(𝑡) + 𝑥(𝑡) = 3𝑡𝑒−𝑡 

Given that 𝑥(0) = 4  , 𝑥̇(0) = 2 


