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B Mathematical model

» |f the dynamic behavior of a physical system can be
represented by an equation, or a set of equations, this is
referred to as the mathematical model of the system.

- Mathematical description of the process to be
controlled

- A set of differential equations that describe the
dynamic behavior of the process

= Such models can be constructed from knowledge of the
physical characteristics of the system, i.e. mass for a
mechanical system or resistance for an electrical system.

= Alternatively, a mathematical model may be determined by
experimentation, by measuring how the system output
responds to known inputs.

= Ingeneral, consider a system whose output is y(t), whose
input is x(t)and contains constant coefficients of values a,
b, c. If the dynamics of the system produce a first-order
differential equation, it would be represented as

dy(t)
dt
= |If the system dynamics produced a second-order

a + by(t) = cx(t)

differential equation, it would be represented by

d? d
a d);gt) +b i]l(tt) + cy(t) = ex(t)
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= |f the dynamics produce a third-order differential

equation, its representation would be

d’y(t) d’y(t) dy(t)
‘Tae +b dt? te dt
= Equations above are linear differential equations with

+ey(t) = fx(t)

constant coefficients. Note that the order of the
differential equation is the order of the highest
derivative.

= Systems described by such equations are called linear
systems of the same order as the differential equation. For
example, first-order linear system, second-order linear

system and third-order linear system.

A control system may be composed of various components
including mechanical, thermal, fluid, pneumatic, and

electrical; sensors and actuators; and computers

Using the basic modeling principles such as Newton's second
law of motion or Kirchhoff’s law, the models of these dynamic
systems are represented by differential equations. It is not
difficult to understand that the analytical and computer simulation
of any system is only as good as the model used to describe it. It
should also be emphasized that the modern control engineer

should place special emphasis on the mathematical modeling of
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systems so that analysis and design problems can be conveniently

solved by computers.
B Mechanical systems modeling

Mechanical systems may be modeled as systems of lumped
masses (rigid bodies) or as distributed mass (continuous)
systems. The latter are modeled by partial differential
equations, whereas the former is represented by ordinary

differential equations.

Of course, in reality all systems are continuous, but, in most
cases, it is easier and therefore preferred to approximate them

with lumped mass models and ordinary differential equations

The motion of mechanical elements can be described in various
dimensions as translational, rotational, or a combination of
both.

The equations governing the motion of mechanical systems are
often directly or indirectly formulated from Newton's law of

motion.

The equations of a linear mechanical system are written by first
constructing a model of the system containing interconnected
linear elements and then by applying Newton's law of motion to
the free-body diagram (FBD).
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= Translational motion

The motion of translation is defined as a motion that takes
place along a straight or curved path. The variables that are
used to describe translational motion are acceleration, velocity,

and displacement.

Newton's law of motion states that the algebraic sum of
external forces acting on a rigid body in a given direction is
equal to the product of the mass of the body and its

acceleration in the same direction.

The law can be expressed as

Forces =ma

External

where m denotes the mass, and a is the acceleration in the

direction considered.

Fig. below illustrates the situation where a force is acting on a

body with mass m The force equation is written as

—— y(t)
m e ()
B _d’y  dv
f(t)=ma(t) = mog=mo;
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where a(t) is the acceleration, v(t) denotes linear velocity, and
y(t) is the displacement of mass m , respectively.
For linear translational motion, in addition to the mass, the

following system elements are also involved.

Linear spring. In practice, a linear spring may be a model of an
actual spring or a compliance of a cable or a belt. In general, a

spring is considered to be an element that stores potential energy.

f(®) =kyt)

where k is the spring constant, or simply stiffness. Equation
above implies that the force acting on the spring is directly

proportional to the displacement (deformation) of the spring.

The model representing a linear spring element is shown in Fig.

below.

Friction: Whenever there is motion or tendency of motion
between two physical elements, frictional forces exist, i.e. that is

a linear relationship between the applied force and velocity
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% B }_' M)
= > flo)
— I

d
fO=p—

where £ is the viscous frictional coefficient

Consider the mass-spring-friction system shown in Fig.
below. The linear K

% ,
motion concerned is in % ) +
the horizontal % m
10—
direction.

b

| X!
N
< o— 1r_—
<— M
by~
f (@) = by(t) — ky(t) = my(t)
my(t) + by(t) + ky(t) = f(t)
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Taking Laplace, it gives, and assume zero initial condition

Y(s)[ms? + bs + k] = F(s)

Y(s) 1
F(s) ms2+bs+k

Transfer function

* m, b, k are physical parameters
= Changing these parameters, also change the system

response

Assume f(t) =u(t) =1N
1
F(S) = E

Andm=1,b=0.1,k=0.1

Y(s) 1
F(s) s2+0.1s+0.1

1. Analytically

1 10 As + B
Y(s) = —= =—+=
s(s?+01s4+01) s s?2+4+0.1s+0.1

10 10s + 1
Y =—-Z701s+01
10  10(s 4 0.05) + 0.5
vy = 10 106 +005)

s (s+0.05)2+0.0975
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0.5
(t) = 10 — 10e7995¢ cos V0.0975t — ——=¢"%%¢5inv/0.0975¢
Y v0.0975

2. By MATLAB control system toolbox

Y(s) 1
F(s) s2+0.1s+0.1

b =20.1;

k =0.1;

num = [1];

den [m b k];

0
S
0
I

tf (num, den) ;
y = step(sys,t);
plot(t,y);

N
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3. By Simulink

Y(s) 1
F(s) s2+4+0.1s+0.1

y+ 0.1y + 0.1y = f(t)

'[l(*) A "'i-‘ \s

—

—

1

-y
&+

* e

- 5

Integrator

»

Integratort

Scope

- ¥

To Wodspace
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Write the equation of X
motion for the speed . f_B

_ bX
and forward motion e[ (¥

of the car, assuming |~~~ 2~ ~—Z~ 7~

that the engine

impacts a force u as shown, find the transfer function between

the input u and the output v

u—bx =mx
mi+bx =u
mv+bv=u

Take Laplace transform
(ms+b)V =U

v 1  1/m
U ms+b s+b/m

Example:

Use MATLAB to find the response of the velocity of the
car for the case in which the input jJumps from being u = 0

at time t = 0 to a constant u = 500 N thereafter. Assume
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that the car mass is 1000 kg and viscous drag coefficient

b =150

%4 1/m

1/1000

U s+b/m s+50/1000

vV _ 0.001
U s+0.05

u = {500 t=>0
0 otherwise

U(s) =500/s

ooy 05
() = s(s + 0.05)

Partial fraction

v _ 10 10
() = s s+0.05

v(t) = 10 — 10e~005¢
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12

10

speed (m/s)

0

L 1 L I 1 L 1 L
0 20 40 60 80 100 120 140 160 180 200
time(s)

You can also plot using MATLAB toolbox

vV 0.001

U s+0.05

num = [0.0017];

den = [1 0.05];
sys = tf (num,den);

step (500*sys)

Example: Spring-mass-damper (automobile shock absorber)

:"/”/f;/’?// —

woll %%
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=
e |
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my =r —by—ky
my+ by+ ky=r
(ms?+bs+ k)Y =r

Y 1

r ms2+bs+k

Changing system parameters (m, b, k) change the value and

shape of the output signal
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Example:

X )

L

-P,L+) Fi e

M M+ 4
T i e e — T
< <—3Zz-

Free body diagram of mass M,

Mix) = f = B1%; — ki (x1 — x3)

F = (M1$2 + ,315 + kl)Xl - k1X2
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Free body diagram of mass M,

M35 = ki(x1 — x3) — B2X; — kox;

k1X1 = (MZSZ + ﬁzs + kl + kZ)XZ

;"_9-1- r l X\{ K ‘])(7_
:7‘: | MSaBsvler | [MSiBs s (krk)

[} X2
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Problem:

Sketch the block diagram for the mechanical system shown

below

Example:
Find the transfer function %
gk
ik
]
Awmp S T’Eu“
ew) Gain le =
L ——L
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E1 =kAE -
E, =I(R + sL) gk’- 13
£

F = (ms?+ Bs)X — BsY
|
) 1
..F

BsY = (Bs+ k)Y

Please continue
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Example:

< ke r
Vs
2 K AW c
I WM Mo —>

/ 1)

=~
, L——h =) —--....J
'_?l 32

Figure above shows a mechanical system with two masses and

two springs. Obtain the mathematical model of the system

KZ (‘jz-- 31.)
~— _ F
< wmo
b(Y,-J)
f=bQ, = Y1) —k(y2 —y1) = myY,

F - (m252 + bS + kz)Yz - (bS + k2)Y1
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—== ;(y,-9)

< ‘,?‘ 4“’(3{,-—3,)
k’lzj J——

I

b(y, —y1) t ka(y2 —y1) — kyys = myy

(bs + k,)Y, = (mys? + bs + k, + k)Y,

F”c [ T ‘ﬁ[ bstk, Y

+ Mestibsake] | whbsyberk |

bk ]

Assume f =1, m; =1, m,=15,b=0.1,k; =02, k, =
0.15

— y2

To Workspace

1 0.15+0.15
Xy L = — y1
1.5¢7+0.15+0.15 s2+0.15+0.35
- Transfer Fon Transfer Fen1 To Workspace1

Transfer Fen2

0.01s2+0.02s+0.0225

52+0.15+0.35
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25 T T T T T T

|=—y1t)
[=y2(t)
20+

Displacement
o -
(=3 o\

o

1 | 1 1 | 1 | -
0 20 40 60 80 100 120 140 160 180 200
Timel(s)

B Modeling in electrical circuit

Electric circuits are frequently used in control systems largely
because of the ease of manipulation and processing of electric

signals

Although controllers are increasingly implemented with digital

logic, many functions are still performed with analog circuit

1. Analog circuits are fasters than digital, and for very simple
controllers, an analog circuit would be less expensive than
a digital implementation

2. Furthermore, the power amplifier for electromechanical

control for digital control must be analog circuit
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=  Kirchhoff’s laws

Kirchhoff current law: the algebraic sum of currents leaving a
junction or node equals the algebraic sum of currents entering

that node

Iin = Iout

Kirchhoff voltage law: the algebraic sum of all voltages taken

around a closed path in a circuit is zero

Y.voltage sources = ) voltage drops

t

=\ S| e
~ — ‘L 1 ;C'

Vd:=1bre || v= 1_31_; v=L J1it
=1y -
Vs IO I y=sit” || 1/

- —

Example:

K
—_—

J L.t
T
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. 1(.
vi(t) = L(t)R+Efl(t) dt

Taking Laplace

Vi(s) =1(s)R +%

Vi(s) = 1(s) (R + é)

v.(t) = %j i(t) dt

I
V() =

V.  1/Cs 1

V, R+1/Cs 1+RCs

Mathematically =» analytically

Assume v,(t) = u(t) = 1 volt

V1 - 1/S

1 1

V.=
° s s+1/RC
v.(t) =1— e t/RC

Assume R =1, C = 0.0001
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Uc(t) =1— e—10000t

\édz{,
AL - - -

charging capacitor

@ by MATLAR = -m -F!c
R=1;

Ne 1 C=0.000d;
U, 1+RCS Num — i-)
ArSum e den = [RxC  IJ;
\g' 5‘15-—-1511('\“"*. ‘lt")i
Vi= utt) Suat step || £ = 0: 0.00l:0.0L ;
R=1n \ = step (sys. 1)
C = 0.000L plst (£, Vo)
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By SIMULINK
.1
V., 1+RCs

Taking inverse Laplace
v, + RCv, = v,

1 1 _
Evl +EUC =V,

vV

| —

W1 1/RC
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1}
0.3—(

o.M

§ 0.6
0.4
0.2} —
| | 1 1 1
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009
Time(s)
Example:

Use the SIMULINK to solve the following RLC circuit

Vl — 0. 0ol 1 0.000]
_\;Lo
v.(t) = Ldid—(tt)+ i(t) R +%j i(t) dt

Take Laplace

I(s)
Vi(s) =LsI(s)+ I(s)R +E
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. —I(R+ L4 1)_LCSZ+RCS+1
1= S Cs Cs

v.(t) = lj i(t) dt

C
_I(s)
Ve(s) =75
v, 1

V, LCs2+RCs+1

V. 1/LC
Vi o2, R, 1
S+LS+LC

Assume v, (t) = 10u(t), R =1, C = 0.0001, L = 0.001
Analytically

. 108
€ s241000s + 108

_o_ s + 500 .\ 4000
T s (s + 500)2 + 9750000 ' (s + 500)2 + 9750000

v.(t) = 10 — 10e>%0¢ cos V9750000t

4000
— m B_SOOt sin v 9750000t
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18 T T T T T

Velt)

1 1 1 1 1 L 1 1 1
0 0.004 0.002 0.003 0,004 0.005 0.006 0.007 0.008 0.009 0,01
Tirme{s)

BY MATLAB // .m file

V. 1/LC
i o2 R 1
SC+TStIr
R =1;
L = 0.001;
C = 0.0001;
num = 1/ (L*C);
den = [1 R/L 1/(L*C)1;
sys = tf(num,den);
t = 0:0.0001:0.01;
Vc = step(10*sys,t);
plot (t,Vc)
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o o oz oms oo “.:;‘O:Z) owe oo oo o oo
BY SIMULINK
V. 1/IC
i sZ+ %S + %
. R
VetV
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T

V1 1/LC1 1 1
c 1 ol © [
5 5
Integrator Integrator Scope
RL
K ‘ r—* Ve

To Workspace

Problem:
Vl .j_::w . 0 0.} Kz
T- S =001
i ol ]—l
Problem:
R

[y

e.:(4) é{D L a¥
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B Operational Amplifier
The simplified circuit of the Op-Amp is shown

- Lo __ ¢
v 1= S bl
4
& e A (L=
e B V)

Schematic symbol

l/ l;"_.;
U s L\ .

Vo

G 0

If the positive terminal is not shown, it is assumed to be
connected to ground, vt = 0

And the reduced symbol below is used

—p—
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It is usually assumed that the OP-Amp is ideal with the values

Rin =0, Rpyt =0,A= o0

iT=i"=0
vt =v~
Example:

Find the equation and the transfer function of the circuit shown
r—‘ W'“w‘—ﬂ Jo

Voot
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ll+lz+l3=0

Vi V2 Vour _ o
R, 'R, R

Ry

Vout = — [R_ (%]
1

R
e
+ R, vz]

The circuit O/P is a weighted sum of the input voltages with a

sign change =» summer circuit

Example: Integrator

c g
)
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AVour 1 ‘
dt = _R- C_f vin(T) dr + vout(o)
n 0
OR
1
N v;
out RlnC mn
Your _ 1
Vin R C
Example:
Find E, /E;

C e
- 1?2
e g, T e

0
Kz
-
Ex R
E; R, +1/sC
Ex _ R3
E, R,+R;
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S5

0 Ry R; + R;

E, R, +1/sC Rs

E _ R;(R; + R3)
E, ~ Rs(R, + 1/50)

Problem:

Find E, /E;

9
—|
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B DC Motor

Torque o< i,if

Field control
I, . constant

Torque o if

£p

o )

Vi = I:(R + sLy)

T = (Is?> + bs)6

Ve [ 1 Ip rl;—) T
F @F/ {__JJ | Ts4bs
6 k

Vf N (Rf + SLf)(ISZ + bs)
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Armature control

if . constant

Torque « i,

—

_=1a

v Al

la

V, =V, =I,(R +sL,)

v, o« 6
Vb=kb58
T = ki,

T = (Is? + bs)0O

Vg 3 ‘__l }fa rK T
— "y
/8
i|}:|._,§ ],
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